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The problem of scattering of a plane monochromatic wave impinging obli -
quely on an inhomogeneous plane parallel layer or on a pack of identical in-
homogeneous layers, is considered, The inhomogeneity of the medium is
described by the dependence of its refractive index n on the coordinate =z
orthogonal to the layer boundaries. The angle of incidence of the wave is
such , that total internal reflection occurs. The case in which the correspon-
ding differential equation has two inflection points, is studied. The coeffi-
cients of transmission and reflection are computed for the high frequency
region, and it is shown that resonant transmissions are possible when the func-
tion n (z) exhibits certain symmetry properties, i,e the whole layer is "trans-
parent” for certain angles of incidence even though these angles exceed the
critical angle ,

1, Formulation of the problem of scattering on a layer, We
distinguish in the three-dimensional space three regions: the layer — 1 < z <1, —
oo < ¥, 2 < 4and two half-spaces, £ < — 1 and z >> 1. We assume that both
half-spaces are filled with a homogeneous isotropic medium with the refractive index
ne >> 0, and that the layer is filled with an isotropic , but inhomogeneous medium
with the refractive index n (#) >> 0 depending only on the coordinate Z varying across
the layer. The field [ (z,y, z,¢) satisfies the wave equation

2
n? () S5 = AU (1.1)

and n{r) = Ny when |z|< 1. The problem is assumed plane, i.e. U =U

(z, y, t). We formulate at the boundaries z = —-1 the conditions of continuity of
the field and of its normal derivative, We assume that in the half-space =z < — 14
the field U (z, y, t) is the superposition of a plane monochromatic wave impinging
on the layer at the angle o to the normal, and of the wave reflected from the layer,
while in the half-space x > 1 we have the transmitted wave only, i.e.

Ufz,y,t) =expl—io (t —nyysinae — ny(x - 1) cosa)l + (1.2)
Rexpl—io(t —nysina + ny(x + 1) cosa)l, <1
U@, y,t) = Cexpl—io (t— nyysina —ng(z —1)cosal, z>1

The constants B and C denote the reflection and transmission coefficients., In
the problem of scattering on a layer these coefficients must be determined, and the
function U (z, y, t) must satisfy the equation (1.1) and the specified conditions of
continuity , Below we make certain assumptions concerning the function 7 (z) for ob-
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taining asymptotic formulas for the reflection and transmission coefficients with @ —>50.
Putting

Ur,y,t) = expl— io (t — nyy sin a)] V (2) (1.3)
we obtain the following equation for the function V (z) for |z <1

V" (2) = o’q (2) V (), ¢ (2) = n®sin* @ — n* (z) (1.4)

When z < — 1 and z>1 ,this function is defined by the expressions (1.2) and
(1.3) and must ,in addition, be continuously differentiable for all 2.

For constructing the asymptotic for -
n mulas for B and € ,we require
asymptotic formulas for the solutions
of (1,4); the form of these formulas

depends substantially on the properties
/r\ of the function ¢ (z).
| We assume that the refractive index

n (r) has a maximum within the
0 ¢t =z layer at some point & == x,,]| z, | <C
4, and is 2 monotone function at
Fig, 1 all remaining z &= {—1, 1] (more
exactly , we require that p’ () %= 0
when T =& Ty, x &= [—-*1, 1]) and is
also sufficiently smooth (see Fig. 1).
The requirement that »n” (z) must
be continuous for | | < 1.is suf-

ficient for obtaining the principal
\/ terms of the asymptotic formulas,
while the stipulation for n® (x) to

2nd cov'el be continuous is sufficient for the first
Fig, 2 order corrections,

The above assumption about the function 7 (z) implies the following properties

of the function ¢ (z). For small & (e, g., at the normal wave incidence) we have
g (x) < Owhen |z|< 1. Ifhowever %o > n_y = n{(—1 -4 0) then for the

angles@ such that n, sin @ > n; we can find an interval near the point z = —1
on which ¢ (z) > (. Similarly,if ny >ny=n(1 — 0) andnysina > n,
then such an interval will appear near the point z == 1.

We shall assume that the angle of incidence of the wave is such, that

g

max (n.y, n,;) < n, sin a < n (z,) (1.5)

Function ¢ (z) is depicted in Fig, 2., The condition (1.5) ensures that,when
|z} < 1 ,the function ¢ (z) has two simple zeros z and z,. In other words, the
equation (1, 4) has two simple points of inflection z_ and z,.
Let us now turn our attention to the terminology. In the intervals in which ¢ ()
< 0, the equation {1, 4 ) has oscillating solutions, therefore we shall call these intervals
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the transmittance intervals, The intervals in which ¢ (*) >> O shall be called the op -
acity intervals or barriers, The interval (x_, z,) lying between the barriers shall be
called a well.
At small @ the layer is transparent to the wave. In this case the coefficients R and

C are of the order of unity, a part of the energy of the incident wave passes into the
half-space = > 1 in the form of the transmitted wave, and a part is reflected from
the layer. If,on the other hand, o > Gy where o, is the critical angle defined by
the relation n, sin @, = min (n_;, n,),the opaque intervals (barriers) appear in the
layer and the coefficient (C is generally exponentially small (the effect of total in-
ternal reflection [1]; when the angles are supercritical, there is practically no pene -
tration of energy into the half-space x > 1.  We shall show in Sect.4 that under
certain conditions imposed on # (x) and o the wave can be transmitted also at angles
greater than the critical angle. Apparently this phenomenon is connected with the re -
sonance of the wave in the well between the barriers.

2, Transition matrix, Letus introduce the vectors z = (V (z), 071 V'
x), * =R +1,ic (R —1)),¢e = (C, — ioc C),where ¢ = n, cos o the vec-
tors dre column vectors (but from now on shall be written in a horizontal line in order
to conserve space ), Equation (1.4) yields the following system of differential equations
for the vector z (x) ;

“0) =0, o2 1e1<1 e
and (1.2),(1.3) and the continuity of ¥V (x) and V' (z) yield the boundary conditions

Let Z (z) be the fundamental matrix of the system (2.1), In this case we have,
lz) <12 (r) = Z (x) P where B is a constant vector, Using (2.2) to el-
iminate g we obtain the following (inhomogeneous) system of two linear equations:

= Te (T = Z (—1) 2" (1)) (2.3)

for the exact values of the coefficients of reflection R and transmission ( .

It is clear that the matrix T (which shall be called the transition matrix ) is in -
dependent of the choice of the fundamental matrix Z (x) . Consequently we can choose,
as Z (z), 2 matrix with known asymptotic properties at ® — 0. The fundamental
matrix of the system (2. 1) can be constructed by various methods on the interval con-
taining two simple points of inflection, In the present case we shall use the method of
matching uniform asymptotic formulas containing the Airy functions. We fix Zo &

(z_, x,) abitrarily , and obtain two intervals I_ = [—1, zo) and I, = [z, 1],
each of which contains exactly one point of ififlection. Let w® (z) = (1, (z),

1,0 ()), 1 = 1, 2 be two linearly independent vector solutions of (2.1) on J_,
and g0 (z) = (5O (2), LW (x), =1, 2two linearly independent vector solu -
tions of (2.1) on J,. Weshallusethemto construct the fundamental matrices Z_(x) =
(M® (2), 4@ @), Z, (@) = G (@), & (z)).2nd take, as Z (z) , the matrix

{ Z_(2)Z7 (z)y —1<2<7,

Z (z) =

Zo(@) 2 (m), TS <1
continuous at | z | < 1, (@) 2 (2), T
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The transition matrix 7° can be wiitten in terms of the functions 5, (0 (2). 4 (2), ¢,
k = 1, 2.and the calculations show that

N e A = det Z (; (2.4)
T = A Awgydg (1) i;1 uva”“ At (‘t) - Ai‘ (j)

wix = (— 1) [l @) 67 (@) — 7 () G (o))
=7 = nET W P =D

A= e ngom O ool

Note that the functions 1, (z), £, (x) ({ == 1, 2) aresolutionsof the equation
(1.4 ),and that relations are valid for wy, : Wix = (wi)"f"w*‘ W {L,870),1,679],
where W [, gldenote the Wronskianin fand & . This implies that @y, is independent
of Xg. Since A_(x o) is also independent of ¥4 (being the deferminant of the fun-
damental matrix ), it follows that so is the transition matrix 7.

3, Asymptotic formulas, The formula (2.4) yields an expression for the
transition matrix in terms of four solutions of the system (2. 1). The solutions should be
chosen in such a manner, that the asymptotic formulas [2 Juniform on /¢ hold as

@ — o0, These formulas can be expressed in vector form by

det Ay =10

po(E L @) rawT (2) 8.1)
ﬂ{Z} {;g‘) e
*’V‘;" {x) (1 - oz} o™ ;(1)
1 ui*(x}(i o) o™ (9)
50 () =
! "‘p* (Y (1 F og) - o, ()
/e
THE .....i')mm-—u iy (x)), teE (1) = f”(&—“v(‘”z’v"’? £
@ = oy O ) )= Ve + ()

0s(0) = (5 Suqm%dr) signq(2)

where y {1} and ¢ (T)t are real Airy functions and the symbol & replaces, from now
on, the symbolQ (7%},

Substituting (3, 1) into (2, 4 ) and using the known asymptotic formulas for the Airy
functions [ 3 ], we obtain the following asymptotics for the matrix Vi

(N {wuexp (v, +v) o] K25 — (3.2)
7‘: -1
— oxp [(— v, + ) 0] KIT — ghexp [(v, — v.) ol K= —
T1
wb, - CXp [("""’ Yo Y- ) ©] +*} o VY2 =Vt (Cl) = j: S 1 q(l‘)d‘t’>0
x.
Wy = sing 40y, Wy = — cosYP 40y, wy = — cof\{) + 04

Wys = — Sin P -t o .
Y =ol4 /2, Je=J{a)= f V_q('c)d’c

a4 b_‘ i

C_ d+

a4 == +’K1(1+01) b:t‘:'-—“i*i"f-ﬂl
Cx =k uy%_1 (1 -+ 0y), dy =+ (1 + 1)

%41 =V g (==12F 0)

Km+'—
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It is clear that wy; may vanish, and this implies that the first termin (3,2) isnot always
the principal term in the asymptotics of 7'. We shall therefore consider two cases.

1°, Let | wiy | > 8 > 0. Then the first term in (3.2 ) is the principal, and (3. 2),
(2.3) yield

2isV %% (3.3)
¢= [ ST e i "‘]e"p (= G+ v-)ol
R =Ry oy, Ro=-i—§__,‘—_—;:j-v | Rol =1

This is the case of the usual total internal reflection, and the amplitude of the wave

transmitted by the layeris exponentially small. The presence of two barriers within the

layer simply reduces to consecutive attenuation of the transmitted wave at these barriers,
2°, Let wj;, = 0 (the resonance case), In this case we have

Y=am- 05, wyy=(—1)"1+4 0y Wy = (— )™ 40,
(m is an integer)

The second or third term in (3,2) is the principal one , depending on the relation bet -
ween Y, and ¥_. Letus assume that 9, = y_. We then have

C=(—1)m 4is ¥V uan_, (3.4)

(> F 10 — 1) T "‘] exp (=17 —v-{o)
R ={Ro+017 V- >
Rg? oy vo<vs
s = {xu Y > Vo , He = {K-n Y+ > ¥
% Ve ¥V Aty V<7
This case differs from the previous one by the exponential index in the formula for C.
In the physical terms, we can say that in the case of resonance the presence of two bar-
riers within the layer is important, and the actions of these barriers on the transmitted
wave oppose each other.
From (3.4 ) it is clear that the case in which wy; = 0 and V. = Y., is of parti-
cular interest, This is the case when the angle of incidence and the refractive index
n (&) are such that the barriers have the same "integral” width, We shall call this
case the case of integrally symmetric resonance, and will consider it in Sect. 4,
We conclude Sect.3 by considering the problem of resonance range. The condition
wy; = 0 yields a discrete set of resonance frequencies,

Om = Op @) =0 (m —Y )/ (@) + 0 (m™), moco
If instead of using the exact equality w,;; = 0 we assume that
wyy exp [(v, + v) o] = 0 (07 exp (— |y, — v | ©))

then the first term of (3.2) will also cease to be the principal. From this follows that
the formula (3.4 ) holds not only for the frequencies ®m» but also in their small neigh-
borhoods described by the relation

| — 0, | <O (0,7 exp [— 2y0,,]). 7 = max (v, V) (3.5)
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In addition to the resonance range , the first correction term for wy; is also of in-
terest, After computing this term , we find that the condition of resonance w,, = 0
has the form

siny + 0K cosyp -Lo,=10, K= T Iim lim @ (3.6)
borxi—0a—>x_-}0
b
n ZS q’(r)ds 29" (24) _ 27" (z_)
T @) Ve b (—r @)V a—T

While calculating this, we have used, in (3. 1), the first correction terms given in [2],
and the termsoforderof ®~! from the asymptotic formulas forthe Airy functions {4 ],
The formula (3, 6) yields the first correction term for ®Wp,

op =0 (m— 1D @) —K (am)™L -0 (m?), mos )

4, Resonance in the integrally symmetric layer and the sym-
metric layer, Letus first consider the case of the integrally symmetric resonance,
i.e. of w;; = 0 and Y, = Y_. The asymptotics of the transition matrix has the form
=)™ 0 140

V”l" 1

Substituting the expression (4, 1) into the system (2, 3 ) and solving the latter, we obtain
the following expressions for £ and C :

T = (4.1)

— % (1 +oy) 0

ety . m 2is V% L (4.2)
R= G too C= (0", o

The case of £ = 0, i,e. of the complete absence of a reflected wave, is of in-
terest, Let us consider the problem of zeros of the principal term of R. Simple com-
putation shows that the equation 62 — %;%_; = O has in the interval [0, /2] the

following unique root:
‘/ nd — n2n?, (4.3)
o’ = arc sin —
Zn‘- n —n? 2

and o« satisfies the inequalities (1,5).

Thus, if at ¢ = a° the layer is integrally symmetric, i.e. V4 (@) = y- (&°),
the layer will be almost nonreflective at all resonant frequencies @ = o, (a°) ,

R = 0,, | C| =1 4 0;. The wave passes through such a layer practically without
attenuation regardless of the fact that o > a,, i.e, that the angle of incidence ex-
ceeds the critical angle, Generally speaking, it is not clear whether we can assert that
an angle, at which R = 0, will be found, Indeed, the principal term of R is real,
but generally Im & = (. The problem of zeros of R can be solved completely when
the layer is prefectly symmetric.

In the case when the layer is perfectly symmetric, i.e. 7 {(— ) = n (z), we
have always Y+ = Y- ,and this is independent of . This means that all resonances
are integrally symmetric and the coefficient C is not accompanied by an exponentially
small multiplier when © = @, .
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By virtue of the symmetry of the layer we can take &V (z) = (M@ (— z), —
No(D (— x)) as the solutions of &M (z) . Choosing E® () in this manner, we ob-
tain the following relations for the diagonal elements of the matrices A :

(i) i .
= W=D ) = nf® (~ )0 (1), 7 (— (1) =
m” (— 1) n{” (1)
Let us put 23 = (). Then we have
Wy, = Wy = — (1™ (0) 1, (0) + 1@ (0) 5, (0))

This , together with (2,4 ), implies that the diagonal elements of the transition matrix
T coincide with each other,
Let further wy; = 0. We write the matrix 7 in the form

(4.4)

T — (—nHm €1 14-2p
Moy || — %%y (1 8g) &2
where €ix denote the qunatities of order ®~! and, as we said before, €11 = &3,
Substituting (4,4 ) into (2,3 ) we obtain, in place of (4,2), a more detailed formula foR

R — S Few)—wumy (1 + en) 1 15 (B — &) (4.5)
&2 (1 + £12) + %a%_1 (1 + E91) - i5 (Eg3 1 a3) '

Remembering that €11 = €32 we find that R = 0 if

0% — %%y + 0%y — uX_ 185 = O (4.6)

Clearly, 6%y — % %-1€1 is a real function of order w~!; however, computing the
first correction terms we find that in fact 0% — x%_.&,; = O (072).

Thus there will be no reflected wave at all if the conditions (3, 6) and (4. 6) hold.
Let us rewrite these conditions, replacing in (4, 6 ) the quantities ¢ and % .; by their

expressions in terms of @ andshowing the dependence of the correctiontermsin ® anda

oJ (@) =n@m—1) + o, (@, ®) (4.7)
ng® c0s® a — [(ne?sin®a — n4?) (ne?sin? @ — n_y2)]"2 + o, (a, 0)=20

The system obtained from (4.7 ) by discarding the functions 0; (@, ®) and 04
(@, ©)has, for every m, the solutiona = @°, @ = n (m — Y,)/J (a°). The func-
tions ¢, (&, ®) and 0, (e, ) are small when ® — oo,therefore the system (4.7) has,
for every sufficiently large M (at least) one solution®@ = Gms ® = @p, (Ap), and

%m =%+ 0 (m72); Op (@m) = 1 (m — )T @) +0(Mm™), m—oo (4.8)
We present the results obtained in the form of a theorem,

Theorem. Let the refractive index n (x) satisfy the conditions formulated in
Sect.1,and let the angle ofincidence of the wave & satisfy the inequalities (1.5) and
® >> 1. Then the following assertions hold for the coefficients of reflection R and
transmission € in the problem of scattering (1.1), (1.2).
1°, For every o there exists a discrete sequence of resonant frequencies {®,, («)}
defined by the formula (3,7) and such that: outside the resonance regions, i.e. when
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| w1 | > 8 > 0, the asymptotic formulas (3.3 ) hold: in the neighborhood of (3.5)
the asymptotic formulas (3,4 ) hold when y_ (a) = y, (a), and (4.2) hold when
V- (@) =y, (@)
2° Ifat g == a° the layer is integrally symmetric, i.e, if Y- (@") = vy, (a°),
then in the neighborhood (3,5 ) of the resonant frequencies O (@°) wehave R=
Om™), |[C| =140 (m™).
3°, For a perfectly symmetric layer there exists a sequence of angles {a,} such
that no reflection takes place at the corresponding resonance frequencies @ (@m)4
i,e« B = 0 and in addition @, = a° + O (m™2), 0, (&) = o, (@°) -+ 0 (m™?).

5. Pack of identical layers, We shall consider a generalization of the
problem (1.1), (1.2), assuming that we have a pack of /N identical layers and solving
the problem of scattering on such pack.

Let the s-th layer s(s =1, ..., N) have the boundaries = s — 1 and

Z = s. Since the layers are identical, n ()= n (z 4~ s—1),s =1, ..., N.
We assume that the fuhction # (z) satisfies the condition of Sect, 1 for 0<z<1 -
As before , we have the equation (1, 1) for the field [J (z, y, ?) and again formulate
the conditions of continuity of the field and of its normal derivative at the boundary

z=y3,s=0,1,..., N Outside the pack we formulate for the field U (z, y, ?)
the assumption analogous to those made in Sect. 1:for z < 0 ,we have the first
expression of (1.2),and for  >> [V the second expression, Finally, let the angle «
satisfy , as before , the condition (1.5), We introduce, as in the case of a single layer,
the functions ¢ (z) and V (z) ,and the vector z (z) . We denote by Z, (z) the
fundamental matrix of the system (2.1) for ¢ —1 < x < s, i.e. in the g-th layer,
The conditions of continuity of z at the interface boundaries yield the following system
of equations ( fi; are constant vectors):

ZS (S)ﬁs = Zs+1 (S) B8+1’ s=1, ..., N—1 (5.1)
r=2,(0)p, c=Zn(N)Bn

Eliminating successively from (5.1),all P, we obtain the following system of
equations for R and § :
r=T.Ty...Tno (T,=Z(s — 1) Z*(s) (5.2)

where T, is the transition matrix for the s -th layer. Let us now use the assumption
that all layers are identical and choose , as the matrix Z, (x),'the matrix Z, (z +
s — 1), Inthiscase wefindthat 7T, = T, = T andthesystem (5.2) assumes the form

r=T"c¢ (5.3)

Using the system (5.3 ) we can obtain formulas analogous to (3.3) and (3.4), which
are fairly bulky.It will be more interesting to consider the case of a resonance with an
integral or perfect symmetry.

Let us assume that integrally symmetric resonance occurs in every layer. Then the
formulas (4,1) in which *-1 has been replaced by », = ]/q (+0), holds for the
transition matrix 7 since z = 0 istheleftboundary ofthe firstlayer, It is clear that

T?® =(—1P(E+ O0), TP =(—1(T+01) p=0.1,...
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where E denotes a unit matrix and (0 is a matrix with elements of order oy.

Consider the case in which the numberoflayersisodd, I == 2 p = {. Solving the
system (5.3 ) we find, that in this case the second part of the assertion 1° (for v =7,
and the assertion 2 ° of the theorem in Sect. 4 remain valid, with the obvipus adjustment of
the notation , namely ,replacing % .3 by %g, 2 (—1) by n (40) and multiplying the
formula for C from (4.2) by {—1)7. If every layeris perfectly symmetric , we can prove
by induction that the diagonal elements of the matrix 72P+? areidentical, and this im-
plies the validity of the assertion 3 °, Thus we find thatthe theorem proved in Sect, 4 can
be extended to the case of apack containing an odd number of identical layers.

Let us now put N = 2 p. Then the system (5.3 ) becomes

R41=(=%0)C (5.4)
6 (R—1)=(—i0-+0)Cy C,=(—=1)°FC

Solving the system (5,4 ), weobtain R = o¢;, € = (—1)® -+ 0y. Thusinthecase of

integrally symmetric resonance we have R = o, forthe evennumberoflayersirrespec-

tive of whether the relation a = a°® holds, The pack composed of an even number of
layersis, in a certain sense , more transparent than a single layer or an odd number of layers,

This phenomenon can be regarded as one of the manifestations of the symmetry of the function

# (z) relative to the middle of the pact (inthecaseof N = 2 p).

When every layer is perfectly symmetric, we canshow by induction that R = O for ang-
les @ = O, definedintheassertion 3 ° ofthetheoremin Sect, 4. Finally,itis clear
that the range of resonances is thesame for a pack of layers and fora singlelayer,

The main result of this work consists of providing the proof that a wave impinging at an
angle on an inhomogeneous layer or a pack of identical layers may be transmitted with low
energy losses at angles of incidence exceeding thecritical angle, i, e. intheregionof total
intemalreflection , Basically analogous resutlts canbe found in the paper (*) dealing with
the straight and converse problem of scattering of waves on an inhomogeneous layer or
a packof inhomogeneous layers. In particular, the author notes the presence of resonant
frequenciesin a pack consisting of three layers {a transparentlayerbetweentwo opaque
layers ), It should be noted that in this paper points of inflection are assumed tobe absent,

The resonance effects discussed above are , generally speaking , very subtle , since their
appearance requires matching of the angle of incidence with the properties of the layer
{i.e, y. = 1,} . Moreover, the resonance band width with respect to frequency {and angle }
is exponentially small (see (3,5) ),

The authors express their gratitude to B, S, Pavlov and the participants of the sem-
inar conducted by V, M, Babich for discussing the results,
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